Quantum inequalities for massless spin-3/2 field in Minkowski spacetime 
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Quantum inequalities have been established for various quantum fields in both flat and curved 
spacetimes. In particular, for spin-3/2 fields, Yu and Wu have explicitly derived quantum inequalities 
CN ■ for massive case. Employing the similar method developed by Fewster and colleagues, this paper 

5_j ' provides an explicit formula of quantum inequalities for massless spin-3/2 field in four-dimensional 

Minkowski spacetime. 
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OO ' I- INTRODUCTION 

m ' 

As is well known, seemingly reasonable energy conditions such as weak energy condition play a special role in 
classical general relativity. It has proved profitable to only require one or more energy conditions satisfied by the 
energy momentum tensor rather than to know the specific expression of the energy momentum tensor for matters. 
For example, the singularity theorem and the positive mass conjecture are proved under such assumptions. 
""^ ' However, all the pointwise energy conditions are violated in the framework of quantum field theory. Even there 
q-i exist such series of quantum states in which the energy density at a given point may approach arbitrary negative 
values. If the magnitude and duration of such negative energy densities were unconstrained, various exotic phenomena 
might occur. These result in serious ramifications such as the violation of the second law of thermodynamics, and the 
^* ■ existence of traversable wormholes, and even time machines. 

Interestingly, there exist some mechanisms in quantum field theory to restrict the extent of negative energy den- 
sities: the weighted average of energy densities by non-negative sampling functions satisfies the quantum weak 
energy inequalities, simply called quantum inequalities. Since the pioneering work by Ford, who obtained a 
quantum inequality for massless minimally-coupled scalar field in Minkowski spacetime with a Lorentzian sam- 
pling functionhj, progress has been made toward gen eralizin g to various quantum fields in both flat and curved 
spacetimesH WE, II II H H 15 El JHUpL 51 Ei El El Ellll- Especially, for spin-3/2 field, using the method 
developed by Fewster and colleagues p. Fit wJL Il3j | . Yu and Wu have given an explicit derivation of quantum inequalities 
for massive case in four-dimensional Minkowski spacetime |15|. As a further step along this line, this paper will provide 
quantum inequalities for massless spin-3/2 field in four-dimensional Minkowski spacetime for arbitrary non- negative 
sampling functions by the same approach. The result obtained here is 

dx {p{x\*))g\x°)>-—s I du\~g{u)\ 2 u\ (1) 
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Here notations and conventions follow those in El]- Especially, the metric signature takes (+, — , — , — ), and {cr^s's = 
-j^(I,a)\fi — 0, 1,2,3; S(S') = 1,2} with a Pauli matrices. In addition, the Fourier transformer of a function g is 
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defined by 



g(u) = / dx»g{x»)e-^ x . (2) 



II. EQUATION OF MOTION AND ENERGY MOMENTUM TENSOR FOR MASSLESS SPIN-3/2 
FIELD FROM RARITA-SCHWINGER LAGRANGIAN 

This section will present a brief review of the theory of massless spin-3/2 field in four-dimensional Minkowski 
spacetime, which provides a concise foundation for later work. For more details, please refer to|l9||. 
Start with Rarita-Schwinger Lagrangian [T^. |20| 

C = -iV2[4, aB 'o b B , B V b ^ a B - \{r B 'v aB , B V b 4> bB + r B 'cj bB , B V a ^ bB ) + p aB '<J aB , B a bBC '<7 cC , c V b r C }, (3) 
where the bar denotes the Hermitian conjugation. From here, Euler-Lagrange equation leads to 

<T b B> B Vb^a B - \{o aB > B V b 4> bB + O bB , B V a -<p bB ) + ^-OaB'BO™ ' OcC<C^b^ C = 0. (4) 

With the covariant derivative and the soldering form action on the equation of motion, respectively, we have 

<y b B > B V b V a ^ a B = 0, 

V a ^ Q B = 0, (5) 

where the identity <J a CB'VbD B +&bCB>&aD B — Vab^CD has been emploved|l9j. Taking into account Rarita-Schwinger 
constraint condition, i.e., 

<y a B'B^a B = 0, (6) 

the equation of motion is simplified as 

O b B'B^b^a B = 0. (7) 



Eqn.© and Eqn.J7|) are just our familiar Rarita-Schwinger equations for massless spin-3/2 field 19, 20]. Furthermore, 
by Belinfante's construction and after a straightforward calculation, the energy momentum tensor for massless spin-3/2 
field reads (13 

n b = -zV2[i(^«vVijv Q V^ - vK/^vw^ 5 ) + (v c ^ D '^ a) Di D r D - r D '^ a D , D v c ^ D )i (8) 

which is equivalent with that obtained by the variational principle |2l|. thus acts as the source of Einstein's gravitational 
field equation. 

It is worth noting that Rarita-Schwinger field equations are invariant under the following gauge transformation [ill 

m 



^a B ^^a B +V Q ^ B (9) 



with 



<J b B' B V b <p B = 0. (10) 



However, the energy momentum tensor (jHJ is not gauge invariant. Thus in the following discussions we will restrict 
ourselves to Coulomb gauge, i.e., 

^ B = 0. (11) 
Obviously, the energy density in Coulomb gauge is given by 

rpOO • /TAD' yyO,,/, E inOJdD'O „/, E \ /io\ 

p = l = -l — (ip cr D'EV Wd -V 1p a D'EVd )• (12) 
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III. CANONICAL QUANTIZATION AND QUANTUM INEQUALITY FOR MASSLESS SPIN-3/2 

FIELD IN COULOMB GAUGE 

To obtain quantum inequalities for massless spin-3/2 field in Coulomb gauge, we need first quantize massless spin- 
3/2 field. A consistent massless spin-3/2 quantum field can be constructed by the plane wave basis in Coulomb gauge 
as 191 



^a B {x) = / d 3 p[a{p)^ pa B {x) +J(p)^ pa B (x)], PQ > 0. 



Here the annihilation and creation operators satisfy the anti-commutation relations as follows 

{a(p),a(p')} = 0, 
{a(p), a t(p')} = <5 3 (P- P '), 

{at(p),aV)} = 0, 

{c(p),c(pO} - 0, 

{c(p),ct(p')} = <5 3 (p- P '), 

{ C t(p), c t(p')} = 0. 

The plane wave solutions to Rarita-Schwinger equations in Coulomb gauge read 

f 1 



VV E (p)(^) a (£ S ) s e-^ 



(13) 



(14) 



(15) 



where 



and 



with 



<Ki, 0,0,1) = (o,i, i,o) < 



i^ii^ip — e A ,e A sin 9 cos tp, e A sin 9 sin tp, e x cost 



A 



L 



/ 1 

cos tp — sin tp 

sin tp cos tp 

\ 1 



10 

cos6» sin6> 

10 

— sin 8 cos t 



= Vv e (-p) 

= (A- 1 )%L E r ^ r (l, 0,0,1) 



/ cosh A — sinh A 

10 

1 

V — sinh A cosh A 











cos £ — sin ; 



e"2 




(16) 



(17) 



(18) 



Next substituting the quantum massless spin-3/2 field (|13JI into Ean.l |12|l and taking the normal order, the expec- 
tation value of the quantum energy density operator in an arbitrary quantum state can be written as 



(f) 



d 3 p d 3 p' 



= (-V2) 



(: f 00 :) 
1 1 

2(2^7 V2^o v /2p[ ) ' 

{(po+p(,)[(at(p)a(pO)^ S '(p)a° s , E V;/(p')e <(p6 - p ' 6)x6 

+ ( C t(p') C (p))^ s '(-p) ( T s , s ^ I s (-p')e~ l(p6 ^ ) ^] 

+ (p -p[,)[<a t (p)c t (p')>^ lS '(p)^s'E^ S (-p')e j(pb+?, ' b) ^ 

-{c{p)a{p'))^\-p)a\^^{p')e-^+^ b ]}. 



(19) 



Now consider the sampled energy density measured by an inertial observer at the spatial position x, i.e., 

p CO 

(p) f = / dx°(p(x ,x))f(x°) 



11 f d 3 P d 3 P ' r- 

= (-V2) 



2 (2tt)3 J v^VM 

{(p +^)[(a t (p)«(p')>^ S '(p)^ s' S V^ S b')/(Po -Po)e l(p ' p,) - x 
+ < C t(pOc(p))V> S '(~P)^s'sV^ S (-p')/bo-p[ ) )e- l(p - p ' ) - x ] 

+ ( Po -^)[(a t (p)c t (p')>l MS '(p)<T° E ' E ^ S (-p')/(-^ -Po)e t(p+p,) - x 
-( C (p)a(p'))^ S '(-p)a° s , s ^ s (p')/(po+^)e- J ( p + p ')- x ]}, 

where / is a non-negative sampling function. Let / = g and introduce a family of operators 

6/M = -=L= f ^L|(-p + c) a (p)^ s (p)e- lp - x + ^(p + ^ C t(p)^ s (-p)e jp - x . 

Using 

V^" E ' (-p)a° s , s ^ E (-p) = A/2A „y> S ' (1, 0, 0, 1K S , S ^ S (1, 0, 0, 1) = 2p Q . 
and <jr(— oj) = it can be shown that 

(27r)' j J V2R) ^/Wo 

-g( Po + w)§tf + W ) C t(p')c( P )^ s ' (-p)<7 s , s ^ s (-p')e- i( 
+5(-po + u;)§(p& + W )at(p)ct( P ')r s '(p)a s , E ^ s (-p')e i(p+p ' ) 
+£(p + u)M-Pa + ^)c(p)a(p')^ S ' (-|Vs'£</v VK ?;(p+p,) ' 

and 

-V2a Q w[d^'(Lu)d^(Lu) + 6^{u)6^' = Z(-uj) + Z(lu) 

with 

ZM= (2^ / d3 Pl^o+^)| 2 - 

Employing the identitv [IollT3| 

(Po + Po)f(Po -Po) = - / <^<?(Po - w)g(p - 

we obtain 



p p 



i /•<» 



-!-{ / du[Z{-u) + Z{uj) + (V2d^(cj)a ^d^'(cj)) - Z(u)]u> 
Jo 

-!-{ / dw[Z(-w) + (\/20 M s Ha° E , s (> s ' 
2tt J^oo 

+ / ^(-V^^yVsO^M) - Z(w)]w}. 
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By {Oo s (w) = 0|S = 1, 2} in Coulomb gauge, we have 

(V20/HaV s (> s 'M) = -KOiV0iV)) + (Oi 2 M<VH> 

+ (d 2 1 (uj)6 2 1 (u J )) + {6 2 2 {uj)6 2 2 {u)) 

+(d 3 V)<VM) + (6 3 2 M<VM>] < o, 

(28) 

and similarly 

(~V26^'(Lj)a\^6^(uj)) > (29) 
hold for arbitrary quantum states. Therefore 



2vr 
1 



(p) f > — { / dujZ(—oj)uj— J dLuZ(uj)uj} 

'"" l-oo Jo 



DC 



du)Z(u)u> 



1 

2^3 



OO f>00 

duju I dp pl\g(p + uj)\ 2 

!l JO 



1 

Jo 



1 /*00 /'OG 

= y d Pa J du{u ~ po)pl\g{u)\ 2 

du / dp (M-Po)Pol9( u )| 2 
Jo 

du\g{u)\ 2 u 4 . (30) 



24tt 3 
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IV. DISCUSSIONS 

In summary, based on the technique developed by Fewster and colleagues^, 0,0,0, we have obtained an explicit 
formula of quantum inequalities for masslcss spin-3/2 field by arbitrary non- negative sampling function in Coulomb 
gauge. It is worth noting that the bound here is weaker, by a factor of 4, than that obtained by taking massless 
limit of quantum inequalities for massive spin-3/2 field in four-dimensional Minkowski spacetime[l5|. This seems to 
originate from the fact that massive spin-3/2 field has the degrees of freedom with four times as many as massless one. 
Thus like bosonic fields, the quantum inequalities derived so far for fermionic fields in four-dimensional Minkowski 
spacetime can also be written in terms of a unified form|l3lll5|| 

/>oo 

dx (p( x °,x))g 2 (x )>-—^ du|5(«)|VQf(-), (31) 
where s denotes the degrees of freedom for fields, and 

OS W = 4(1 - - 3[(1 - " ^5) " J? + V 7 ^^)], (32) 

which is replaced by lim z ^ 00 Qf(z) = 1 in the massless case. 

We conclude with an important question. Different from electromagnetic field, there is no gauge invariant energy 
momentum tensor for massless spin-3/2 field, which is also shared by linear gravitational field indeed. Since we 
here choose a particular gauge, it is a natural question whether the quantum inequalities obtained here for massless 
spin-3/2 field is gauge independent. However, the answer is not obvious, thus worthy of further investigation, which 
is expected to be reported elsewhere. 
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